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Abstract The three-dimensional problem of steady fluid deposition on an inclined rotating disk is
illustrated in this study. The governing non-linear partial differential equations are reduced to the
nonlinear ordinary differential equations system by similarity transform. The analytical solution applied
to solve this system is the Homotopy Perturbation Method (HPM). The velocity and temperature profiles
are shown and the influence of Prandtl number and rotation ratio on the flow field and the Nusselt number
are discussed in detail. The validity of our solutions is verified by the numerical results.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The removal of a liquid condensate from a cooled, saturated
vapor is important in chemical and mechanical engineering
processes. Many researchers have illustrated this problem
under the different conditions. Sparrow and Gregg [1] studied
the removal of the condensate using centrifugal forces on
a cooled rotating disc. Sparrow and Gregg transformed the
Navier–Stokes equations into a set of nonlinear ordinary
differential equations, and numerically integrated them for a
similarity solution for several finite film thicknesses. Theirwork
was extended by adding vapor drag by Beckett et al. [2] and
adding suction on the plate by Chary and Sarma [3]. The same
fluid phenomenon occurs when a liquid film is formed in spray
cooling and spray coating processes [4]. The problem is also
related to chemical vapor deposition, when a thin fluid film is
deposited on a cooled rotating disk [5].
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doi:10.1016/j.scient.2012.03.006This study considered condensation or spraying on an
inclined rotating disk subjected to both centrifugal and
gravitational forces. The problem is important for both earth
and space environments, where the axis of rotation is not
parallel to the gravitational vector.
Most engineering problems, especially some heat transfer
equations, are nonlinear, therefore, some of them are solved
using numerical solution and some are solved using a
different analyticmethod, such as the perturbationmethod, the
homotopy perturbation method, and the variational iteration
method introduced by He [6]. Therefore, many different
methods have recently introduced various ways to eliminate
the small parameter. One semi-exactmethod that does not need
small parameters is the Homotopy Perturbation Method.
The homotopy perturbation method, proposed first by He in
1998, was further developed and improved by him [7,8]. The
method yields a very rapid convergence of the solution series
in most cases.
The HPM has been shown to solve a large class of nonlin-
ear problems efficiently, accurately and easily, with approxima-
tions converging very rapidly to solution. Usually, few iterations
lead to high accuracy of the solution. Recently, this method
has been employed for much research in engineering sciences
[9–17].
evier B.V. Open access under CC BY-NC-ND license.
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Pr Prandtl number
p0 Ambient pressure on the film surface
T Temperature
T0 Temperature on the film surface
Tw Temperature on the disk
g Gravitational acceleration
h Thickness of fluid film
W Velocity of spraying
u, v, w Velocity components along x, y and z axes,
respectively
Greek symbols
Ω Angular velocity
α Thermal diffusivity of the fluid
β Angle between horizontal axis and disk
η Dimensionless variable
δ Constant normalized thickness
2. Flow analysis and mathematical formulation
Figure 1 [18] shows a disk rotating in its own plane with
angular velocity,Ω . The angle between the horizontal axis and
the disk is β . A fluid film of thickness h is formed by spraying,
withW velocity. We assume the disk radius is large, compared
to the film thickness, such that the end effects can be ignored.
Vapor shear effects at the interface of the vapor and fluid are
usually also unimportant. The gravitational acceleration, g , acts
in a downward direction.
The temperature on the disk is Tw , and the temperature
on the film surface is T0. Besides, the ambient pressure on
the film surface is constant at p0, and we can safely say the
pressure is a function of z only. Neglecting viscous dissipation,
the continuity, momentum and energy equations for steady
state are given in the following form:
ux + uy + uz = 0, (1)
uux + vuy + wuz = υ(uxx + uyy + uzz)+ g sinβ, (2)
uvx + vvy + wvz = υ(vxx + vyy + vzz), (3)
uwx + vwy + wwz = υ(wxx + wyy + wzz)
− g cosβ − pz
ρ
, (4)
uTx + vTy + wTz = α(Txx + Tyy + Tzz). (5)
In the above equations, u, v, and w indicate the velocity
components in the x, y, and z directions, respectively; T denotes
the temperature; and ρ, ν and α denote the density, kinematic
viscosity and thermal diffusivity of the fluid, respectively.
Supposing zero slip on the disk and zero shear stress on the film
surface, the boundary conditions are:
u = −Ωy, v = Ωx, w = 0, T = Tw at z = 0
uz = 0, vz = 0, w = −W , T = T0,
p = p0, at z = h.
(6)
For the mentioned problem, Wang introduced the following
transform [5]:u = −Ωyg(η)+Ωxf ′(η)+ gk(η) sin β
Ω ′
,
v = Ωxg(η)+Ωyf ′(η)+ gs(η) sin β
Ω ′
,
w = −2√Ωυf (η),
T = (T0 − Tw)θ(η)+ Tw,
(7)
where η was introduced as follows:
η = z

Ω
υ
. (8)
Continuity (1) automatically is satisfied. Eqs. (2) and (3) can
be written as follows:
f ′′′ − (f ′)2 + g2 + 2ff ′′ = 0, (9)
g ′′ − 2gf ′ + 2fg ′ = 0, (10)
k′′ − kf ′ + sg + 2fk′ + 1 = 0, (11)
s′′ − kg − sf ′ + 2fs′ = 0. (12)
If the temperature is a function of the distance z only, Eq. (5)
becomes:
θ ′′ + 2 Pr θ ′ = 0, (13)
where Pr = υ
α
is the Prandtl number. The boundary conditions
for Eqs. (9)–(13) are:
f (0) = 0, f ′(0) = 0, f ′′(δ) = 0,
g(0) = 1, g ′(δ) = 0,
k(0) = 0, k′(δ) = 0,
s(0) = 0, s′(δ) = 0,
θ(0) = 0, θ(δ) = 1,
(14)
and δ is the constant normalized thickness as:
δ = h

Ω
υ
, (15)
which is known through the condensation or spraying velocity
by:
f (δ) = W
2
√
Ωυ
= α. (16)
After the flow field is found, the pressure can be obtained by
integrating equation (4):
p(z) = p0 + ρ{υ[wz(z)− wz(h)]
− [w2(z)− w2(h)]/2− g(z − h) cosβ}. (17)
The exact solution to Eqs. (13) and (14) can be expressed
in terms of double integrals, but it is easier to integrate
numerically for a similarity temperature profile. For given δ,
function f (η)was determined previously.
For Pr = 0, using θ(δ) = 1, the exact the exact solution is:
θ ′(0) = 1
δ
. (18)
Eq. (18) serves as an asymptotic limit for small δ. The
decrease of θ ′(0) for increasing δ is not monotonic as can be
seen from the waviness of the curves for large Pr.
Nu =

∂T
∂z

w
T0 − Tw = δθ
′(0). (19)
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In the case of condensation of a saturated vapor, the latent
heat is a factor. Consider a film of radius r . The latent heat
input is equal to the heat transferred to the disk plus the heat
transported by the radial flow:
HWπr2 = k∂T
∂z
(0)πr2 +

ρCp[T0 − T (z)]V (z)2πrdz. (20)
Here,H is the latent heat permass, Cp is the specific heat, and
V = Ωrf ′ is the radial velocity. Using T = (T0 − Tw) θ(η)+ Tw
and Eq. (13), Eq. (20) is simplified to:
Hv
k(T0 − Tw) =
θ ′(0)− θ ′(δ)/2
α
≡ j. (21)
3. Analysis of the homotopy perturbation method
To illustrate the basic ideas of this method, we consider the
following equation:
A(u)− f (r) = 0, r ∈ Ω, (22)
with the boundary condition of:
B

u,
∂u
∂n

= 0, r ∈ Γ , (23)
where A is a general differential operator, B is a boundary
operator, f (r) is a known analytical function and Γ is the
boundary of the domain,Ω .
A can be divided into two parts, L andN , where L is linear and
N is nonlinear. Eq. (22) can, therefore, be rewritten as follows:
L(u)+ N(u)− f (r) = 0, r ∈ Ω. (24)
The homotopy perturbation structure is shown as follows:
H (ν, p) = (1− p) [L (ν)− L (u0)]+ p [A (ν)− f (r)] = 0, (25)
where:
ν (r, p) : Ω × [0, 1]→ R. (26)
In Eq. (5), p ∈ [0, 1] is an embedding parameter and u0 is
the first approximation that satisfies the boundary condition.
We can assume that the solution of Eq. (25) can be written as a
power series in p, as follows:
ν = ν0 + pν1 + p2ν2 + · · · (27)
and the best approximation for solution is:
u = lim
p→1 ν = ν0 + ν1 + ν2 + · · · . (28)4. Implementation of the method
According to the so-called Homotopy-Perturbation Method
(HPM), we construct a homotopy. Suppose the solution of
Eq. (25) has the form:
H(f , p) = (1− p)(f ′′′ − f ′′′0 )
+ p(f ′′′ − (f ′)2 + g2 + 2ff ′′) = 0, (29)
H(g, p) = (1− p)(g ′′ − g ′′0 )+ p(g ′′ − 2gf ′ + 2fg ′) = 0, (30)
H(k, p) = (1− p)(k′′ − k′′0)
+ p(k′′ − kf ′ + sg + 2fk′ + 1) = 0, (31)
H(s, p) = (1− p)(s′′ − s′′0)
+ p(s′′ − kg − sf ′ + 2fs′) = 0, (32)
H(θ, p) = (1− p)(θ ′′ − θ ′′0 )+ p(θ ′′ + 2 Pr θ ′) = 0. (33)
We consider f , g, k, s, θ as follows:
f (η) = f0(η)+ f1(η)+ · · · =
n
i=0
fi(η), (34)
g(η) = g0(η)+ g1(η)+ · · · =
n
i=0
gi(η), (35)
k(η) = k0(η)+ k1(η)+ · · · =
n
i=0
ki(η), (36)
s(η) = s0(η)+ s1(η)+ · · · =
n
i=0
si(η), (37)
θ(η) = θ0(η)+ θ1(η)+ · · · =
n
i=0
θi(η). (38)
By substituting F fromEqs. (34)–(38) into Eqs. (29)–(33), and
some simplification and rearranging, based on the powers of p-
terms, we have:
p0 :
f ′′′0 = 0
g ′′0 = 0
k′′0 = 0
s′′0 = 0
θ ′′0 = 0.
(39)
And boundary conditions are:
f (0) = 0, f ′(0) = 0, f ′′(δ) = 0,
g(0) = 1, g ′(δ) = 0,
k(0) = 0, k′(δ) = 0,
s(0) = 0, s′(δ) = 0,
θ(0) = 0, θ(δ) = 1.
p1 :
f ′′′1 + 2f0f ′′0 − (f ′0)2 + g20 = 0,
−2f ′0g0 + g ′′1 − (f ′0)2 + 2g ′0f0 = 0,
1+ 2k′0f0 + k′′1 + 2f1f ′′0 + 2g0s0 − f ′0k0 = 0,
2s′0f0 + s′′1 − s0f ′0 + g0k0 = 0,
θ ′′1 + 2 Pr θ ′0f0 = 0.
(40)
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f (0) = 0, f ′(0) = 0, f ′′(δ) = 0,
g(0) = 0, g ′(δ) = 0,
k(0) = 0, k′(δ) = 0,
s(0) = 0, s′(δ) = 0,
θ(0) = 0, θ(δ) = 0.
p2 :
2g0g1 + f ′′′2 + 2f0f ′′1 + 2f1f ′′0 − 2f ′0f ′1 = 0,
g ′′2 + 2g ′1f0 − 2f ′1g0 − 2f ′0g1 + 2g ′0f1 = 0,
2f0k′1 + 2f1k′0 − k1f ′0 + k′2 + s0g1 + s1g0 − k0f ′1 = 0,
−s0f ′1 − g1k0 + s′′2 + 2s′0f1 + 2s′1f0 − g0k1 − s1f ′0 = 0,
θ ′′2 + 2 Pr θ ′0f1 + 2 Pr θ ′1f0 = 0.
(41)
Boundary conditions are:
f (0) = 0, f ′(0) = 0, f ′′(δ) = 0,
g(0) = 0, g ′(δ) = 0,
k(0) = 0, k′(δ) = 0,
s(0) = 0, s′(δ) = 0,
θ(0) = 0, θ(δ) = 0.
Solving Eqs. (39)–(41) with boundary conditions for δ = 0.5,
we have:
f0(η) = g0(η) = k0(η) = s0(η) = θ0(η) = 0, (42)
f1(η) = −0.1666η3 + 0.25η2,
g1(η) = 0,
k1(η) = −12 η
2 + 1
2
,
s1(η) = 0,
(43)
g2(η) = −0.0833η4 + 0.1666η3 − 0.0833η,
k2(η) = 0,
s2(η) = − 124η
4 + 1
12
η3 − 1
24
η,
θ2(η) = 0.0333 Pr η5 − 0.0833 Pr η4 + 0.0083 Pr η.
(44)
The solution of this equation, when p → 1, will be as
follows:
f (η) = f0(η)+ f1(η)+ · · · + f9(η)+ f10(η),
g(η) = g0(η)+ g1(η)+ · · · + g9(η)+ g10(η),
k(η) = k0(η)+ k1(η)+ · · · + k9(η)+ k10(η),
s(η) = s0(η)+ s1(η)+ · · · + s9(η)+ s10(η),
θ(η) = θ0(η)+ θ1(η)+ · · · + θ9(η)+ θ10(η).
(45)for pr = 0.7, δ = 0.5:
f (η) = 0.0004η7 − 0.0013η6 − 0.0001η5
+ 0.0065η4 − 0.1666η3 + 0.2412η2,
g(η) = 0.0001η9 − 0.0004η8 + 0.0016η7 − 0.0027η6
+ 0.0052η5 − 0.0864η4
+ 0.1608η3 − 0.0786η + 1,
k(η) = 0.0003η9 − 0.0004η8 + 0.0001η7 − 0.0008η6
+ 0.0038η5 + 0.0002η4
+ 0.0066η3 − 0.5η2 + 0.4941η,
s(η) = −0.001η7 + 0.0026η5 − 0.0449η4
+ 0.0823η3 − 0.0401η,
θ(η) = 0.0004η9 − 0.0015η8 + 0.0018η70.0006η6
+ 0.0233η5 + 0.0564η4 + 2.0055η.
(46)
5. Results and discussions
The objective of the present study is to apply the homotopy-
perturbation method to obtain an explicit analytic solution
of the three-dimensional problem of condensation film on an
inclined rotating disk (Figure 1).
Figure 2 shows the average of % error for different functions
at various iterations. As can be seen in this figure, the
homotopy-perturbation method is converged in step 10 and
error has been minimized.
The results are well matched with the results carried out by
numerical solution (Runge–Kutta) as shown in Tables 1 and 2.
In these tables, error is introduced as follows:
%Error =
 f (η)NM − f (η)HPMf (η)NM
× 100.
This accuracy gives high confidence in the validity of this
problem, and reveals an excellent agreement in engineering
accuracy. This investigation is completed by depicting the
effects of some important parameters to evaluate how these
parameters influence this fluid.
The flow rate, due to the tilting of the disk, includes two
components.
 δ
0 k(η)dη is the draining flow rate per width in
the x direction, which is normalized by g

v
Ω3
sinβ . Further-
more, induced flow rate in lateral in y direction is represented
by
 δ
0 s(η)dη.With normalized thickness, both flow rates in-
crease by increasing normalized thickness. However,
 δ
0 k(η)dη
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η f (η) f ′(η) g(η)
NM HPM %Error NM HPM %Error NM HPM %Error
0 0 0 0 0 0 0 1 1 0
0.05 0.000582 0.000582 0.000013 0.02288 0.02288 0.000149 0.996086 0.99608647 0.0000017
0.1 0.002247 0.002247 0.000054 0.04328 0.04328 8.68E−05 0.992286 0.99228605 0.0000018
0.15 0.004869 0.004869 0.00012 0.061218 0.061218 7.66E−05 0.9887 0.98870014 0.0000023
0.2 0.008328 0.008328 0.000212 0.076714 0.076714 8.05E−05 0.985417 0.9854175 0.0000032
0.25 0.0125 0.0125 0.000328 0.089785 0.089785 7.92E−05 0.982514 0.98251439 0.0000038
0.3 0.017266 0.017266 0.000464 0.100448 0.100448 8.11E−05 0.980055 0.98005469 0.0000044
0.35 0.022505 0.022505 0.000619 0.108718 0.108718 8.38E−05 0.97809 0.97809004 0.0000051
0.4 0.028098 0.028098 0.000788 0.11461 0.11461 8.18E−05 0.97666 0.97665989 0.0000054
0.45 0.033927 0.033927 0.000968 0.118137 0.118137 7.65E−05 0.975792 0.97579166 0.0000051
0.5 0.039873 0.039873 0.001154 0.11931 0.11931 8.77E−05 0.975501 0.9755008 0.0000062Table 2: Comparison between numerical results and HPM solution for k,−s, θ at Pr = 0.7, δ = 0.5.
η k(η) −s(η) θ(η)
NM HPM %Error NM HPM %Error NM HPM %Error
0 0 0 0 0 0 0 0 0 0
0.05 0.023457 0.023457 0.0000026 0.001995 0.001995 0.000166 0.100279 0.100278 0.001686
0.1 0.044418 0.044418 0.0000016 0.003932 0.003932 0.0000501 0.200554 0.200552 0.00092
0.15 0.06289 0.06289 0.0000012 0.005759 0.005759 0.0000337 0.300813 0.30081 0.000775
0.2 0.078877 0.078877 0.0000003 0.007431 0.007431 0.0000474 0.401036 0.401033 0.000801
0.25 0.092385 0.092385 0.0000007 0.00891 0.00891 0.0000501 0.501201 0.501197 0.000762
0.3 0.103421 0.103421 0.0000013 0.010163 0.010163 0.0000571 0.601278 0.601274 0.000742
0.35 0.111991 0.111991 0.0000027 0.011163 0.011163 0.0000679 0.701234 0.701229 0.000736
0.4 0.118102 0.118102 0.0000033 0.011891 0.011891 0.0000654 0.801032 0.801027 0.000671
0.45 0.121762 0.121762 0.0000027 0.012333 0.012333 0.0000528 0.900634 0.900629 0.000572
0.5 0.12298 0.12298 0.0000066 0.012481 0.012481 0.0000874 1 0.999994 0.000622Figure 3: (a) The normalized draning flow rate in x direction and induced lateral flow rate in y direction; and (b) the normalized shear stress on the disk in the x and
y directions versus the normalized film thickness.changes are greater and more sensible than
 δ
0 s(η)dη, which
is shown in Figure 3(a). The net forces per unit area (shear
stress) in the x and y directions, normalized by gρ

v
Ω
sinβ,
are k′(0) and s′(0) respectively. Figure 3(b) shows that increas-
ing normalized thickness leads to an increase in the normalized
shear stress on the disk in the x direction (k′(0)) and in the y di-
rection (s′(0)) in which k′(0) increment is approximately linear
and also values of k′(0) are greater.
Figure 4 shows the increasing of of Nusselt number as the
effect of normalized thickness increase. In lowPrandtl numbers,
Nusselt number changes are not sensible, while in greater
Prandtl numbers, the changes in Nusselt number are more
noticeable. Increasing normalized thickness leads to latent heat,
j(α), decrease approaching a constant value. Also, by increasingPrandtl number, there is a latent heat increase, which is shown
in Figure 5.
6. Conclusion
In this paper, three-dimensional flow of condensation film
on an inclined rotating disk is solved via a sort of analytical
method: the Homotopy Perturbation Method (HPM). Also, this
problem is solved by a numerical method (the Runge–Kutta
method of order 4), and some conclusions were summarized as
follows:
a. The Homotopy Perturbation Method is a powerful approach
for solving nonlinear differential equation, such as this
problem. Also, it can be observed that there is good
agreement between the present and numerical results.
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Figure 5: Latent heat j(α) versus normalized thickness (δ) various Pr numbers.
b. Increasing normalized thickness leads to an increase in
normalized shear stress on the disk in x and y directions.
c. By Increasing normalized thickness, Nusselt number in-
crease however this trend ismore noticable in grater Prandtl
numbers. In low Prandtl numbers, Nusselt number changes
are not sensible, while in greater Prandtl numbers, the
changes in Nusselt number are more noticable.
d. Increasing normalized thickness leads to latent heat, j(α),
decrease, approaching to a constant value. Also by increasing
Prandtl number, there is a latent heat increase.
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